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Three-Dimensional Hinged-Rod Model
for Elastic Aerobraking Tethers
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Earlier analysis with a rigid-rod model demonstrated that aerobraking tethers are feasible. In fact, the aerobrak-
ing tether may be superior to chemical retropropulsion when applied to exploration of the atmosphere-bearing
planets of the solar system. Recent optimization studies provide even further advances in minimizing the tether
mass with respect to propellant mass. Inasmuch as most of the work performed so far has modeled the tether as
a rigid rod, it is clear that bending effects warrant investigation. An advanced model, consisting of a collection
of hinged rigid bodies with springs and dampers at the hinges, is introduced. By using a matrix formulation the
equations can be made very compact for any number of tether segments. The orbiter and probe vehicles at the ends
of the tether are also modeled as rigid bodies with the added feature of a movable attachment point. The forces
include distributed gravitational and aerodynamic forces over the entire tether. A numerical example is presented
that uses a prior mass optimization solution (based on the planar, rigid-rod model) for aerobraking at Mars. The
example involves capture into an inclined orbit, which creates flexing in both out-of-plane and in-plane motions.
The results indicate that the flexible behavior of a carefully designed tether is benign and does not exhibit large
perturbations from the rigid-rod behavior. Because of its generality, the new model may prove useful to other

investigators working with tethers in space.

I. Introduction

N aerobrakingtether consists of an orbiter and an atmospheric

probe, connected by a long thin tether (Fig. 1). The purpose
of this system is to achieve aerobraking at an atmosphere-bearing
planet in such a way as to eliminate the need for a retropropulsion
maneuver. An additional goal is to place the orbiter in a target orbit,
sufficiently high above the sensible atmosphere, while the probe per-
forms the braking maneuver. The orbiteris slowed from hyperbolic
speeddown to capture speed throughthe tension in the tether, which
may be tens or even hundreds of kilometers in length. After aero-
capture has been achieved, the tether may be severed to allow the
probeto descend fartherinto the atmosphere (in some cases perhaps
to land on the surface) while the orbiter ascends to a higher orbit.
Alternatively, the system may be kept together, permitting further
aerobraking passes on subsequent orbits.

The first mention of the concept of an aerobraking tether in the
literature appears to be by Carroll,! although the idea was being
discussed at the Jet Propulsion Laboratory at least as early as 1984
by Sirlin et al.> Another early reference to the aerobraking tether
concept is made by Purvis and Penzo.?

The first demonstration of the physical feasibility of using aero-
braking tethers is presented by Puig-Suari and Longuski' and
Longuski and Puig-Suari.’ They model the tether as a rigid rod sub-
ject to distributed aerodynamic and gravitational forces and show
that the orbiter altitude can be maintained above the sensible atmo-
sphere during the aerobraking maneuver. Puig-Suari and Longuski
use the characteristics of a tethered vehicle described by Lorenzini
et al.,’ which was originally intended for circular orbit about Mars.
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Puig-Suari and Longuski’ analyze the problem of targeting the
aerobraking tether to achieve aerocapture for specific closest ap-
proach flyby attitudesranging from an orientationthat is locally ver-
tical (called the vertical dumbbell maneuver) to an orientation that
is locally horizontal (the drag chute maneuver). Puig-Suari et al.®
then use the vertical dumbbell maneuver along with design rules
of thumb to find unique tether designs for aerobraking at the major
atmosphere-bearingbodies of the solar system (Venus, Earth, Mars,
Jupiter, Saturn, Titan, Uranus, and Neptune). In the process they
demonstrate that (neglecting stochastic effects) the nominal tether
mass is significantly lower than the propellant mass required to
achieveaerocapture. Longuskiet al.” demonstrateeven greater mass
reduction (for the nominal case) by solving the optimum tether mass
problem. The resulting aerobraking maneuver is midway between
the vertical dumbbell and drag chute maneuvers studied earlier.

All of the analyses for aerobraking tethers mentioned so far are
restricted to the rigid-rod assumption. The first attempt to model
the flexible behavior of the system is presented by Puig-Suari and
Longuski,' where they assume that the tether can be modeled as
a collection of hinged rigid rods restricted to motion in the orbital
plane. However, Puig-Suari!! demonstrates that the rigid model is
still a useful tool in the initial optimization of the aerobraking ma-
neuver and that the optimal flexible tether is near that of the rigid
optimum.

In this paper, we present the most versatile and sophisticated
model, so far developed, for the aerobraking tether. In the process
of developing this model we have kept in mind two major goals,
each of which have a number of subsidiary goals.

The first major goal is to obtain the best possible model for the ae-
rocapture problem. To achieve this we wished to model out-of-plane
and in-planeflexing of the tether, in additionto the attitudedynamics
of the endpoints. The second major goal is to extend the aerocapture
model to include, as much as possible, some of the phenomena be-
ing studied by other researchersin tethersin space.'” This extension
is by no means intended to be complete but because of the advan-
tages of the hinged rigid-body model (over, e.g., the bead models)
and the very compact form realized by the matrix formulation, we
feel that this effort will be beneficial in studying tethered space-
craft attitude control problems,'*~1® tether equilibriumand stability
problems,'”~2! tethers in an atmosphere >~ tether orbit decay,*
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Fig.1 Aerobraking maneuver.
tether vibrations?’~? tether flightexperiments °~32 and othertether
control and dynamics problems2* Problems involving nonspherical
planets** or tether deployment and retrieval’>3¢ are not addressed
here, but the model provided could serve as a basis for these more
difficult problems.

We mention, in passing, that very complex simulation tools do
exist for tether dynamics. Perhaps most notable of these is Gener-
alized Tether Object Simulation Systems (GTOSS) by Lang.*” For
general complex motion, such programs are probably the best repre-
sentation of the actual dynamics. In the case of orbiting tethers in an
atmosphere, however, we believe that the formulation of our paper
more accuratelyrepresentsthe aerodynamicand gravitationalforces
acting on the system. The bead model approach used in Lang’s pro-
gram concentrates the gravitational and aerodynamic forces on the
discrete bead elements with large gaps between the beads where no
forces act. To better model the distributed gravity and aerodynamic
effects using the bead model, the only recourse seems to be to add
more beads, which unfortunately drives the number of generalized
coordinates(the orderof the model) to high values, with the unavoid-
able consequence of slowing down the simulation. Our new model
is based on rigid-body elements thatincorporatedistributed aerody-
namic and gravitationalforces over the element. With the rigid body
as an element, one can often achieve very good results with a much
lower-order model (perhaps even a single body) as demonstrated
in the orbit decay analysis of Warnock and Cochran2® In cases
in which aerodynamic effects are inconsequential, the rigid-body
model may still have advantages over the bead model, particularly
when the tether mass cannot be neglected. It remains to be seen,
in actual simulation comparison, to what degree the effects of dis-
tributed gravitational and aerodynamic forces are best modeled by
rigid bodies as opposed to beads.

There is one final advantage that our model possesses over the
very complex models: the compactness of the equations. This paper
contains the complete model (for a single tether). The equations are
inaformeminently suited forstructuredprogramming.The compact
and explicit nature of these equations makes the modeling assump-
tions clear and provides a straightforward basis for extensions of
the model. (The equations of the GTOSS model are handwritten in
Volume 11 of the user’s guide®” and occupy 246 pages.) It should be
stressed,however, that GTOSS is capable of simulating the behavior
of up to nine rigid-body objects interconnected in any conceivable
fashion at eight attachment points per body with a grand total of 25
tethers. The program is quite lengthy: 40,000 lines of source code.
The tether model presented in this paper is quite modest by com-
parison and only involves one tether and two rigid-body endpoints.
However, we believe thatthe model will help bridge the gap between
highly simplified tether models, e.g., rigid rod in circular orbit and
the highly complex simulations of GTOSS.

II. Modeling Assumptions

The tether system is represented by a collection of hinged rigid
bodies connectedby springs and dampers. The orbiter and probe are
assumed to be rigid bodies with three rotational degrees of freedom
each. The tether segments are also assumed to be rigid bodies (for
the sake of structural similarity in the equations of motion) but the
mass of each segment is distributed into two point masses placed
to duplicate the inertia properties of the rigid rod. The distribution
of the tether mass in this manner duplicates the gravity forces and
moments of the rigid rod to within 1% error. The orientation of
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Fig.2 Three-dimensional flexible-elastic tether model.

each rigid body in the system is given by the Euler angle sequence
3-2-1 with respect to the probe frame p. Whereas all three Euler
angles are important in the case of the orbiter and the probe, we see
that, in the case of a tether segment, the third Euler angle rotation
is meaningless, because it represents rotation along the symmetry
axis of a long thin rod.

Figure 2 shows an arbitrary configuration of the tether model.
The inertial coordinate system e is located at the center of mass of
the planet. The first reference body of the tether is the probe, whose
positionis given by R, p;, where R, is the distance from the origin
to the center of mass of the probe and p, is a unit vector that points
at the probe from the center of the planet.

The forces on the tethered system are assumed to be gravity and
drag. The tether segments are not assumed to be massless, and it
is clear that in the case of very long tether segments that the grav-
itational force at each point of the tether can vary because of dis-
tance. In this model we will adopt Newton’s inverse square law
(Fg = GMm/R?) which, for a pure rigid rod, necessitates integrat-
ing the force of gravity over the entire segment. Puig-Suari et al.*8
demonstrated that integrating the gravity force over the entire el-
ement, although yielding the most accurate results, introduces a
numerical singularity that can be solved at the cost of increased
computationtime. To remove this problem, we concentratethe mass
of each tether element into two point masses located so that the ele-
ment has the same moment of inertia as a uniform rod and so thatit
reasonably models the gravitational forces and moment on the rod
without extended computation time. We note that the atmospheric
drag at each point on the tether will vary according to altitude in the
atmosphere and the wind speed. Thus, the atmospheric drag must
be integrated along the length of each tether segment. Here we as-
sume a velocity squared drag law (Fp, = %CD Sv?) with a uniform
exponentialdensity function (p = p,e™/ ™), although more advanced
atmospheric models could be applied. In addition, we assume that
the atmosphere rotates with the planet.

The tether segments have fixed lengths but each can be different
(y;) and each has a linear spring-damper at the top (with different
spring and damping constantsk; and ¢;), which remains aligned with
the segment. Generally, the spring constants are chosen to satisfy
k; = EA;/l;, where E is Young’s modulus of the tether material and
A; and [; are the element cross-sectional area and length, respec-
tively. The damping constant is chosen to provide the equivalent
structural damping. When the springs stretch (x;), there is a gap
between the segments so that no atmospheric drag is modeled in
that region. However it is expected that these gaps will be insignif-
icant in comparison to the area occupied by the segments (and we
note that in the case of bead models the problem is exaggerated to
the greatest degree). The springs are allowed to have unstretched
lengths (#; ). Note that torsional springs have been omitted from the
model because the bending resistance of the tether is negligible.
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Itis interesting to note that this model can be made to emulate the
bead model by making the unstretchedlengthslarge and the segment
lengths very short. This provides an opportunity to test the model
against existing bead models. It is also notable that the springs and
dampers are easily removed from the system so that a collection
of hinged rigid rods can be simulated. If, in addition, the system is
confined to planar motion, the model of Puig-Suari and Longuski'®
can be used for comparison.

The final modeling assumptionis that the tether attachmentpoints
on the orbiter and the probe are movable so that tethered satellite
attitude control systems can be studied with the resulting model, as
mentioned earlier.?

III. Equations of Motion

The equations of motion for the system are derived using
Lagrange’s equations, which for a generalized coordinate ¢; can

be written as

d foT oT A%
——)-—+—=0; 1
dt<aq-,.> -+ —=0 (M

where T and V represent the kinetic and potential energy of the
system, respectively, and the Q; are the generalized forces arising
from forces not derivable from a potential function.

A. Kinetic Energy
For each one of the bodies in the tethered system, the kinetic
energy is

T = tml) ) + 1) 1) @

where {v} is the velocity of the c.m., {w} is the inertial angular
velocity, and [/] is the inertia matrix.
The c.m. positions of the probe and orbiter in the p frame are

{Rp} = Rpﬁl
(3)

N
R} = {R,} + [T lr,} + Y TLll} +(T1,r,)

k=1
and the positions of the two mass elements and c.m. of the ith rod
(in the p frame) are

i—1

1
(Ric) = (R} + [T, fry) + ) (T LA} + 51T}

k=1

3-43
(Rit) = (R} + [T1, (r,) + ) L) +—

k=1

[Tli{y:} @4

— 3+43
6

(R} = Ry} + [T1,{r,} + Y _[T1ll) + [T1:{y:)
k=1
where
ry i+ X+ Uy
=1int. )= 0
r3 0
5)
Xy Vi
Ey=1q0¢, =10
0 0

The vector {r} is the position of the tether attachment point with
respect to the c.m. of the rigid body denoted by the subscript o
(orbiter) or p (probe). The positions {r,} and {r,} may be constant
or determined by a user-specified control law.

[T'] is the transformation matrix from a frame fixed in the kth
body to the probe frame p:

[T]; = [Ci1[C2)[C5]k 6)

where [C;]; is the direction cosine matrix for a rotation about the
ith Euler angle of the kth object. Note that, for the tether elements,
the twist angle o3 can be ignored.

Taking derivatives of Egs. (3) and (4) the corresponding c.m.
velocities are

,} =1{R,} + DR}

{Vi} = {Rp} + [T]p{rp} + [T]p{'.'p}

i—1

. 1.
+ Z([T]k {le} + [T1elxeh) + S Tlidyid + [@l{R;c} (M

k=1

{Vo} = {Rp} + [T]p{rp} + [T]p{':p}

N
+ Y AT LY + [TLd) + [Tl (o} + [T105,) + [G1R,)

k=1

where [@] is the cross-productmatrix for the angular velocity of the
p frame with respect to the inertial frame and

[Tl = —,[D k[C2 1 [C5]

— [Ci Ik [Dalk[C3lk — a3 [CiIk[Calk D31k (8)
where
D] = —M 9
dayy

Inasmuch as the inertia matrices for the rigid bodies are usually
givenin the body frame b, it is convenientto assume that [/ ] is given
in the body frame and to include the transformation to the p frame
in the equations

(P =TI (10

where the notation [I?] is used whenever [I] is given in a frame
different from the body frame.

B. Potential Energy

Because the dimensions of the probe and orbiter are very small
compared with the size of the tethered system, they can be treated
as particles in the potential energy computation. Therefore, the po-
tential energies of the orbiter and the probe can be written as

m

V=-l——=—= (11)

M\/ {R)" (R}

where the corresponding position vectors are given in Eq. (3).

On the other hand, the tether elements may have very large di-
mensions, and the potential energy must be found by integrating
along their lengths. However, this integration leads to singularities
in certain orientations. To avoid this problem, we model the mass
of the tether as being composed of two equal point masses located
such that the moment of inertia is the same as for a rod [see Eq. (4)].
This model yields gravitational forces and moments within 1% of
the rod model. Thus, the potentialenergy of each tether elementcan
be written as

Vi=

_ET ! n ! (12)
2 \VIR\)(R\} /IR {R:)

For the spring associated with the ith rod, the potential energy is

in = %k,‘xl.z (13)



BISWELL ET AL. 289

IV. Derivatives of Kinetic Energy

From Egs. (2-10) the derivatives of kinetic energy with respect
to ¢; and g; appearing in the equations of motion [Eq. (1)] for any
body are

d [ oT aT
dr \ 9q; g,

(v} o)\ o)
{{} %H}[dt(aq,) 8%“
dw)

+ (@) IT] + (W) [TDIITT = Tl YT

J

. dfw) dwl  ofw}] arry’
X{[T] g, e [dt<8q,> Bq/} g, {w}}
(14)

The time derivatives of the velocity vectors for the probe, the ith
rod and the orbiter are

{7,) = (R,} + [®)R,) + [O1R,}
{7} = (R,} + [&1(v;} + (@] — [DIGDIR;.)

+[T1,{r,} + 2[T1,{F,}
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N
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where [T] is given in Eq. (8) and
[T1i = =i [D1 L[ C21[C3)k — 6[C Kk [D2)[C5 )k
— &3[C [ C kD51 — & [E Lk [Coli[C3li
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where

a[D;]
[Eilk = —— (17
8(¥ki
Next, partial derivatives of the velocities with respect to the g;
and ¢; and their time derivatives are required. For R, they are

a0 _ ;o d(fam)
5] (18)
owy T
9K, =[wl{l 0 0}
where {v} is {v,}, (v}, or {v,}.
For ¢
8{V],} _ 8[‘-‘-’] 8{vi} _ 8[""’]
———{ p} T —_{ zc}
9 9 R 19)
3(v,) M R (
8¢ - o
where
- 0 —cos ¢, 0 " 0 0 1
M = | cos¢, 0 sing, |, [L.U] =10 0 O
8¢1 0 —sin¢2 0 8¢2 -1 0 O
(20)

and

d (o) d[a1a] 8[w]
(54 o
a (ol _a ()

5(87) d( ¢>{R’C}+

d (o)) _ d [21@]
5( 26 ) dr ( 26 >{R"}+

;’] ()~ [GIURL)) 2D)
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where
i i‘;’] . _.0. ¢2S(;n¢2 ) 0
ar 8‘1;1 = ¢, sin ¢, ) ¢, cos
0 —¢, cos ¢, 0
(22)
8(221)
dr\ 9g,
v} _ 8[w] i} _ 3[w]
2% { o Y06 {Rlc}
(23)
ofvo} _ M{ R.)
8¢ - o
and
0 b, si 0
35 oGl _ ¢, sing, .
-— =0, ¢1 sing, 0 ¢, cos ¢,
99 0¢, .
0 —¢, cos ¢, 0
(24)
For x;, the displacement of the spring on the jth rod
o) _ g(mm) _ ) %)
8Xj dr 8)Cj 8)6]
v} JITL{L 0 0 i>
ax;, |0 i<j
d o\ _ i1 0 0F i
d<a )‘{0 i< 26)
8{V} ([T], +[@lT]H{1 0 0} i>]
i<j
a{v()} T i a{vo} _ - X T
0%, =[T;{1 0 0}, dt<_ajc, )—[T],{l 0 0
27
v}

e = (IT); + [@NTIH{1 0 0)f
X

J

Next, derivatives are taken with respect to «,. In this context
a,, refers to «,, ), and a3 where the second subscript has been
dropped because the three equations have the same form:

ot} _ g(mm) _a 28)

da,  dr\ oa, da,,

v} av) _ 9IT], )
=y

9,  0a, dc,

d o)\ _ d o)) _ d[aIT], oIT],
dt(é)d,,)_dt(ad,,)_dt( da, >{”}+ da, )

i} afv.) (a[T‘]p - 8[T],,>{r 4 AT,
P

= = —+
w, 5o o

{ T}
(29)

dap o,
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Similarly for the Euler angles of the orbiter o, 5, and «,3,

avy) _a) _ d (b
oa, oa, dr \ da,

_d ot _a) _a) _ (30)
Cdr\ da, ) B -

oa, o, do,

Ao} AT,

oa, oa,

d (9} _ d(aITl, AT,
E( da, ) dt( Ia, >{ 0}+_8(x0 {ro} (31)

.} (a[T]{, N 8[T]0> J[T],

{ro}

+[] {0}+_{0}

da, o, o, o,

The partials of [T']; and [T]k with respect to the «; and their time
derivatives are

T oIT
Th _ W \p (GG

8(¥1 8(¥1

] _ d (alT
T dr

8(¥1

) = —[E [ [C2 1k [C3 ]k (32)
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The partials of the inertial angular velocities with respect to the g;
and their time derivatives [required for Egs. (14)] are

8(¥3 8(¥3
T _ d (a[T]k> : 9 9 9
= — - = a;[D k[C21k[D3 ]k (34) _w} = fw} =0 _{w} = {—sin 0 cos r
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. o
All other partials of [T']; and [T']; are zero. : (38)
Finally, for the Euler angles of the jth tether element, «;; and 3 {w}
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V. Derivatives of Potential Energy

The derivatives of V' with respect to ¢; for the orbiter and the
probe can be written as

A ({ ) 8{R}> (41)
aq; g,
where

=V {R}"{R} (42)

The respective position vectors are given in Eq. (3), and

amﬂz{u 0 07 4 =R, “3)
8qj 0 qj 7é Rp
o{R,} _ o{R,} 8[T],,{ |
qu qu ]J
T afl AT,
+Z< T 1y + 1m0, {k}>+ T () (@4)
k=1 99; 99;
Note that
ﬂﬁ:{“()mT . (45)
84]‘ 0 q; # X

For the tether elements, Eq. (41) becomes

&—M_m" - Ta{Rll} _ Ta{RiZ}
0q, =7 ( R} ’ +Rg{ 2} %4, ) (46)

where the respective position vectors are given in Eq. (4) and

8{Iail} — a{Rp} 8[T]p
g, g,

+Z<8§T1k{l}+mka{g}> fam’{ g @)

k=1 J g 6

{ r,)

8{121'2} — 8{Rp} 8[T]p
aq; aq; aq;

{ry}

3+JWUL

[T a{l
+Z< [q]k{lek {k.}> .

k=1
Note that all of the elements in Eqs. (44), (47), and (48) have
already been computed in the preceding section.

For the potential energy of the spring associated with the ith rod,
the derivatives are

{yi} 48)

aVy kix; j = Xi
—;={ 4 (49)

aq, 0 q; # X

VI. Generalized Forces
A. Drag Forces
To compute the aerodynamic forces acting on an element of the
tether system, its wind velocity must be determined. Assuming the
atmosphere rotates with the planet around the e; axis with angular
velocity €2, the atmospheric velocity at the location of the body of
interest is

Vum} = [QUR) (50)
where {R} is the position vector to the element of interest and
0 —Q; @
Q= | Qi 0 —Q
—-Q, Q@ 0

is therotationrate of the planet written in the probe frame. Therefore,
the wind velocity of a particle moving with velocity {v} at a position
determined by {R} is

{vw} = {V} - {vatm} (51)

1. Drag on a Sphere

To model the drag on the probe and orbiter, we will representthem
as spheres with drag area S and coefficient of drag Cp,. Substituting
Eq. (51) for the wind velocity into

{FDS} = _épCDSV {vw}T{vw}{vw} (52)

yields the drag force on the sphere. Given this drag force vector, the
generalized force corresponding to the coordinate g; is

3R}
dq

Qjps = (Fp,}' (53)
J
where {R} is given in inertial coordinates.

The probe and orbiter can be treated as particles in this analysis
because their dimensions are small. This means that Eq. (53) canbe
used directly with the corresponding positions and velocities given
inEqgs. (3) and (7). The partial derivativesof {R,} and {R,} (written
in the e frame) appearing in the generalized forces are similar to
the partial derivatives of {R,} and {R,} (written in the p frame)
in Eqs. (43) and (44). The only expression that is different for the
generalized forces is

aTl.

AR} T
2% =[T], 20 — (R} (54)

where partials with respectto ¢ are equivalentto partials with respect
to « in Egs. (33) and (34).

2. Drag on a Plate

To simply model the probe as a lifting body (possibly with fins),
orto include the effects of solar panelson the orbiter, we will include
the draginducedby a flat plate. For a plate with area A with its center
of pressurelocated at {R.,}, the drag force on the plate is

{Fp,} = —2pA({v,}" A}) (55)

where
{ﬁ}=[T]1;{;'1 ;'2 ﬁ3}T (56)

is the unit normal to the surface of the plate. Note that we have
modeled the flow on the plate as being in full Newtonian flow, with
perfectreflection of air particles with the plate (hence, the value of
Cp = 4). The generalized force correspondingto the coordinate g,
is

{Rop}

Qij - {FDp}T (57)

9q;

where the partials are evaluated as before.

3. Drag on the Tether

The analysis of the aerodynamic force on the tether is more com-
plicated because each point of the tether is located at a different
altitude, so that the density of the atmosphere varies along the tether
length, and also because each point of the tether is moving at a dif-
ferent velocity with respectto the atmosphere. The differential force
{dFp;} on the ith rod can be written as

{dFp;} = — ; pSiCD\/ {Vmsi }T{Vmsi }{Vmsi }dS, (58)

where pg; is the atmospheric density at a distance of £ along the
ith rod, {v,;} is the velocity with respect to the atmosphere of the
differentialelementat & on theithrod,anddS isthe cross-sectional
differential area perpendicularto the wind direction.

We write the position vector to the differential element as

i—1

{RSi} = {Rp} + [T]p {rp} + Z[T]k{lk} + [T]z{g 0 O}T

k=1
= {B\} + {B»}¢ (59)

where {B;} and {B,} are used for convenience.



292 BISWELL ET AL.

Then {v,; } can be written as
{vw&'i} = {Rp} + [T]p{rp} + [T]p {'.‘]J}

i—1

+ Y (T} + (TLbe) + (TLE 0 0}

k=1

+ (@] - B+ (IT1:{1 0 0} + ([@] — [C){B,))&

={D}+ {D2}§ (60)

Assuming an exponential atmosphere, as already mentioned, and
using the position vector of Eq. (59) we obtain

(h, + Rpl)}

Pei = Pr eXP[ H

(61)

[ VB + (B216) (Bi) + {Bz}g):|
x exp| —

H
where p, is the density at the reference altitude /,, H is the scale
height of the atmosphere, and Ry, is the radius of the planet.

No closed-form expression in terms of elementary functions is
possible for the integral f{dFD;} when Eq. (61) is substituted into
Eq. (58). However, very accurate, closed-form, approximate solu-
tions can be found by assuming

. {_ VB + (BJE) (B + {Bz}g):|

H

2 exp |:— I {2 i i|eXp |:—5 Cosazcosaiz i| (62)

which is equivalent to arithmetically adding the p; projection of
{B,} to {B,}. Thus, Eq. (61) becomes

(h, + Ry — ||{Bl}||)} [ scosancosaiz}
exp|———m————
H H

Pei = Pr eXP|:

COS ;1 COSWY;
=K exp|:—¥i| (63)
H
where K is a convenient coefficient.
Finally, the differential area can be expressed as

v} x byl

ds, =
- 17 e I

d; d§ (64)

where d; is the diameter of the tether element and b | is aligned with
the tether element.

Again, however, no closed-form solution exists for f{dFDi}
when Eq. (64) is substituted into Eq. (58). To rectify this prob-
lem we assume the angle between the rod and the velocity vector
relative to the wind is constant along the length of the rod. Then
dS| can be written as

wref E
ds, = Mdi de (65)
“ {vwrcf}”

where the reference velocity {v,.r} is chosen to be the velocity at
the center of mass of the rod.

One last assumption must be employed before Eq. (58) can be
integrated. The velocity term under the radical is assumed to be
constant, and so we set

\/{vw&'i }T{vw&'i } ~ \/{Vwrcf}T {Vwrcf} (66)

where, again, the reference velocity is usually chosen to be at the
center of mass of each rod.

The validity of these assumptions increases as the rod lengths are
shortened. As the lengths of the rods become arbitrarily small, the
expressionsare exact.

Substituting Egs. (63), (65), and (66) into Eq. (58) yields the
approximate differential drag force

1 ~
{dFp;} = _ECDKdi {Vuret} xbil|({D1} + {D2}£)
y exp|:—$ cosa;]cosaizi| ds 67)

To obtain the generalized forces the following expressionis em-
ployed:

yi (R,

= / (aF ) L) (68)
0 9q;

where the partial derivativesof {R;;} are

O{Rei} 8[T]L

8¢ _[ ]T {RSI}
M — {1 0 O}T 8{R§l} — 8[T]p {r }
oR, ’ day o, r
do[T];
%{l,’} i>j
0R) | orpy.
do; %{1 0 0}7¢ i=j (69)
J
0 0 0 i<
8“()
0{Rg;} _ [T1,{T 0 0O}F i>j
ax/ {0 0 O}T i<j

SubstitutingEqgs. (67) and (69) into Eq. (68) and integratingyields
the following expressions for the generalized forces:

o[T].

1 N
Q¢i = _ECDKdi [H{Vwrer} X byl |:{D1}T[T]L,T Y

X (B} o+ (B}, + ) (717 2L ¢]‘ (B, +{Bz}12)i|
Oryi = —1CoKd |} x bilI[{D1} I+ (D2} 1 ](1 0 0}
1 ~ T,
Quyi = =5 CoKdi|Wurer} xbill[1D1} fo + Do} 1] —" o, ~(ry)
o )
_ECDKdz “{Vwrcf} ><bl “
d[T];
X[{Dl}Tlo+{D2}T11] EE L ) i>]
o
.= 1 ~
et = =S CoKdlrunr) b
X[{DI}TII +{D2}T12]—825T]j{1 0 0o)F i=j
o
0 i<j
Qot,;i = 0
o A
_ECDKdz “{vwrcf} ><bl “
0. =1 @) L+ D) LT 0 0 i
—CiX; i=j
0 i<j
(70)
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where

Yi . .
L= / o exp[_w} & an
o H

The I, are known integrals, which are discussed in Refs. 4 and 5.

Note that, althoughthe atmosphericdensity profile presented here
is auniformexponential, more advanced models could be readily in-
corporated. An improvement would be to use a variable scale height
model, where the scale height used in the integral becomes a func-
tion of the altitude of the tether segment. The drag then is computed
using the appropriate scale height and density for each tether seg-
ment. In this case, as the number of tether elements increases, so
does the accuracy of the drag computation. It is, of course, possible
to use an exact atmospheric model,?’ but the drag would then need
to be numerically integrated.

VII. Numerical Results

This new, more realistic model is used to provide further veri-
fication of the feasibility of aerobraking with tethers. The simula-
tion shown here involvesa three-rod tether model including springs,
dampers, and rigid-bodyend masses. It is based on an optimal tether
mass aerocapture’ designed with a planar, rigid-rod model. The
characteristics of this system are shown in Table 1.

The initial orbit is based on a Hohmann transfer from Earth to
Mars that lies in the ecliptic plane. The resulting arrival orbit with
respect to Mars is defined by the parameters listed in Table 2. The
initial orientationand spin rate of the system outside the atmosphere
must be chosen carefully so that aerocapture is achieved. For this
case, g = 280.7 deg and oy = —0.01703 rad/s when the center of
mass of the system is located at 7., in Table 2.

The results of the simulation are given in Figs. 3-9. The orien-
tations of the three rods within the orbital plane with respect to the
local vertical are plotted in Fig. 3. The rods are aligned prior to im-
pact with the atmosphere. Near periapsis (around 250 s), separation
in the curves indicates significant bending, but this effectis damped
out as the system exits the atmosphere. These results are very sim-
ilar to those of the rigid-planar model’ and of the flexible-planar
model.!! This confirms that the rigid model is useful as a design
tool.

The out-of-planedisplacements of the tether segments are shown
in Fig. 4. Out-of-plane components of wind velocity due to the
inclination of the orbit induce these oscillations. Note, however,
that in this case, the effect is small and does not significantly alter
the maneuver. This verifies that the standard assumption to neglect
out-of-plane effects is reasonable.

The magnitude of the forces exerted on the tether at the orbiter
(Fig. 5) are also consistent with the planar, rigid-rod model. Note
that the force in the tether slightly exceeds the breaking strength
(shown as the dash-dot line). The diameter of the flexible tether
needs to be modified slightly from the rigid design to handle these
loads, along with a suitable factor of safety.

Figure 6 shows the orientation of the probe during the maneuver.
It rotates with the tether until it impacts the atmosphere where some

Table1 System parameters

Tether mass 64.47 kg
Probe mass 1000 kg
Orbiter mass 1000 kg
Tether length 21.05km
Tether diameter 1.472 mm
Probe area 100 m?

Table2 Orbital parameters

Voo 2.649 km/s
p 3472.8 km
i 24 deg
[0} 0 deg
Q 0 deg
Tem. 3654.0km

additional rotation is imparted by the atmospheric forces. The oscil-
lations of the probe are small and of no major concern. This verifies
that the probe is well behaved as it enters the atmosphere.

Near periapsis, the orbiter hovers near a radius of 3480 km (an
altitude of 82 km) while the probe continues farther into the atmo-
sphere (Fig. 7). The greatestbendingof the system occursduring this
phase of the maneuver, where the drag on the tether dominates. Note
that without the tether, a point mass performing this same maneuver
would have to pass through the atmosphere at the altitude of the
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probe (62 km), requiring significantly more thermal shielding. The
design used here required a clearance of 1.8 scale heights between
the minimum altitudes of the probe and orbiter. Using a longer tether
wouldresultin less heating at the orbiter and even greater heat shield
savings. The orbiter would be even higher above the atmosphere,
and the additional tether area would aid in braking.

This model permits the observationof inclinationchanges shown
in Fig. 8. Crosswinds encountered in this nonequatorial orbit pro-

0.9 L I L L I
0 100 200 300 400 500 600

time (s)

Fig.9 Orbital eccentricity.

duce a slightdecreasein the inclination. This suggests thatit may be
possibleto userepeatedpasses with the tether system to significantly
change the inclination of the orbit.

After the maneuver, the system is captured about Mars (eg,, =
0.9992) even when flexibility and out-of-plane effects are included
(Fig. 9). Thus, the feasibility of hyperbolic aecrocapture with tethers
is further validated by this new model.

The results presented here were derived using only three tether
elements in the simulation. However, additional simulations were
performed with as many as 10 elements, with minimal change to
the results. This small number of elements serves to clearly show
the behavior of the flexible system, without the computational cost
of a large system.

VIII. Conclusions

The new model presented here providesa high-fidelity simulation
tool for aerobraking tethers. Its greatest strength lies in the ability
to accurately model the aerodynamic and gravitational forces and
moments with only a limited number of elements (even as few as 1)
as opposed to the large number of beads required to achieve the
same results. This reduces the computational cost by reducing the
order of the model. In addition, the formulation is ideal for numer-
ical simulation, presenting the equations in a compact and easily
programmable form. This new model may provide a valuable tool
for researchers studying tether systems in the atmosphere.

The results presented clearly show that the rigid-rod model is a
useful design tool in the development of aerocapture-type maneu-
vers. The optimal design from the rigid model requires only limited
manipulation to handle the effects of flexibility and elasticity. The
results indicate that, for the case presented, probe behavior (mod-
eled here for the first time) is benign and does not interfere with the
aerocapture maneuver. Overall, the aerocapture maneuver remains
feasible even when considering the additional dynamics includedin
this high-fidelity simulation.
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